arXiv: 1503.04603v2 [math-ph] 24 Oct 2015 


Bicomplex Hamiltonian systems in Quantum 

Mechanics 

Bijan Bagchi^ * and Abhijit Banerjee^’^ 

^ Department of Appplied Mathematics, University of Caicutta, 

92 Acharya Prafuiia Chandra Road, Koikata 700 009, India 
^ Department of Mathematics, Krishnath Coiiege, 

Berhampore, Murshidabad, India-742101 


Abstract 

We investigate bicomplex Hamiltonian systems in the framework of an analogous version 
of the Schrodinger equation. Since in such a setting three different types of conjugates of 
bicomplex numbers appear, each is found to define in a natural way, a separate class of time 
reversal operator. However, the induced parity (IP)-time (T)-symmetric models turn out to be 
mutually incompatible except for two of them which could be chosen uniquely. The latter 
models are then explored by working within an extended phase space. Applications to the 
problems of harmonic oscillator, inverted oscillator and isotonic oscillator are considered and 
many new interesting properties are uncovered for the new types of TT symmetries. 


PACS: 02.30.Fn, 03.65.-w, 03.65.ca. 

Keywords: Bicomplex algebra, CPT-symmetry, Analogous Sehrodinger equation. 


*Electronic address: bbagchil23@gmail.com 
lElectronic address: abhijit.banerjee.81@gmail.com 


1 



1 Introduction 


At a fundamental level numerous extensions of quantum meehanies have been envisaged to meet 
the growing challenges that the theory has thrown up from time to time. Inclusion of the field 
of quaternions was an important advancement made by Birkhoff and von Neumann |[T] about 
eighty years ago to represent the pure states of a quantum system on any associative division 
algebra (see also [[21 [3l SI [5]| and the references therein). Against such a pursuit the commutative 
ring of bicomplex numbers IIH has emerged as a viable discipline and indeed found a number of 
applications over the years in different directions of quantum theory [r71[8ll9l [TOl[TT]| . 

With the advent of models of parity (CP)-time (T) symmetry [fT^fTSlI . also claimed [|T4l to be 
a plausible alternative to the requirement of Hermiticity that is implicitly relied upon as a guid¬ 
ing axiom in the standard quantum mechanics picture [[T5l . there have been not only some active 
theoretical developments but more importantly some experimental ones as well ( lfT^ - f[22]l l. Fur¬ 
ther, realization of ((P)-time (T) symmetry has also been suggested in Bose-Einstein condensates 
[l23l . a double-well containing the latter with the gain or loss of particles being accounted for 
simultaneously in one or the other well. 

Briefly, in CPT-symmetric quantum mechanics, the usual Hermiticity condition is replaced by 
the commutativity of the Hamiltonian with the product of the parity (fP : x i—)■ —x, p i—)■ —p, i i—)■ 
—i) and time-reversal (“J : x h-)■ x,p i—)■ —p, i i—)■ —i) operators 

77H = H‘?7 (1.1) 

Such CPT-symmetric Hamiltonians may possess either real or conjugate-complex spectra depend¬ 
ing on whether all the eigenstates of H are eigenstates of the CPT-operator as well (the case 
of unbroken (PT-symmetry) or ceases to be so (the case of broken (PT-symmetry). In general, 
non-Hermitian Hamiltonians, including a subclass of those coming under the pseudo-Hermitian 
framework that is supposed to hold the roots of 77, appear in diverse areas of physics such 
as, quantum optics, cosmology, atomic and condensed matter physics, magnetohydrodynamics, 
among others. For detailed reviews of theoretical results and their applications see [f24ll^ and 
references therein. 
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It must however be noted that in eontrast to the standard works on CPT-symmetry that are 
largely foeussed to linear Sehrodinger equation, the study of Bose-Einstein eondensate. in the 
mean-field approximation, eomes under the purview of the nonlinear Gross-Pitaevs ki i equation 
equipped with the eomplex potential eontaining the harmonie-trap eondensate. In nonlinear situ¬ 
ations the eommutative eondition (1.1) is needed to be suitably modified to deal with the Gross- 
Pitaevskii equation-like equation . The effeet of the nonlinearity leads to the dramatie feature 
of the eo-existenee of TT-symmetrie and TT-broken states in eertain eoupling regions. 

In a reeent study of the eigenvalue strueture of Bose-Einstein eondenstates in a (PT-symmetrie 
double well, Dast et al [|^ identified the eategory of nonlinear seetors and the idea of 77- 
symmetry was extended to sueh systems. As a result of the nonanalytie nonlinear eharaeter of 
the Gross-Pi taevskii equation, the number of solutions does not refleet eonservation when the 
eigenvalue speetrum is eonfronted with the states undergoing bifureations even when eomplex 
solutions are eonsidered [l27l [2^ 1^ [^ . This neeessitates an analytie eontinuation to aehieve 
eonservation and the proeedure adopted was to separate the Gross-Pi taevskii equation into their 
real and eomponents. The point is that if one allows eomplexifioation for the real and imaginary 
part of the wave funetion and the ehemieal potential, an analytie eharaeter of the two eoupled 
equations emerges leading to the eonservation of the solutions. Note that in order not to eonfuse 
with the usual imaginary unit i, another unit of a similar type, the i, with a property that its square 
also equals minus one has to be introdueed. This results in a transition from the set of eomplex 
numbers to an enlarged set of four dimensional hypereomplex numbers, i.e., the bieomplex num¬ 
bers whieh are numbers defined by two different eomplex units. Sueh a eontinuation along with 
the extension of the eoneept of TT-symmetry onto the domain of bieomplex algebra brings about 
new symmetries leading to more enriehed seenarios and also uneover the existenee of new exotie 
properties in the system. In a way inspired by the work of Dast et al [l26l we aim to aequire, in 
the present study, deeper insights into the nature of energy eigenvalues and eigenfunetions of the 
analogous Sehrodinger equation (ASI) eorresponding to a bieomplex Hamiltonian and investigate 
the role of the extended TT-symmetry prineiples. While the work lf26]l eonsidered the typieal two 
types of TT-symmetries that bieomplexifieation offers due to the role of two independent imagi¬ 
nary units namely, i and i, we explore in this paper the existenee of a third type of TT-symmetry 
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resulting from a separate elass of the time reversal operator, the ii, that eould flip both the imag¬ 
inary units. Although handling three different types of distinet yj-symmetries requires lengthy 
mathematieal ealeulations, nevertheless, their formulation in a single framework provides an ex¬ 
haustive enquiry into the different roles of CPT-symmetry in sueh a bieomplex manifold. In this 
eonneetion we must mention that we do not intend to direetly study the eases of [26] and [30] but 
rather want to have an easy and eontrollable aeeess to a bieomplex system. 

In a general way the standard Sehrodinger Hamiltonian H{x,p) ean be bieomplexified eon- 
sidering eaeh physieal variable x and p as a bieomplex entity and generalizing the eoneept of the 
extended eomplex phase spaee by following [[311. [32l and defining for instanee 

x = xi+ip2, ^=pi+ix2 ( 1 . 2 ) 

where (xi,pi), {x 2 ,P 2 ) are eanonieal pairs of phase spaee variables andp = is the momen¬ 

tum operator in the usual eoordinate spaee representation satisfying the usual quantum eondition 

[x,p]=z;i. (1.3) 

The Hamiltonian governing sueh a quantum system ean be deeomposed as iJ(x, p) = 

H{xi,Pi,X2,P2) = Hi{xi,Pi,X2,P2) +iH2{Xi,Pi,X2,P2)- 

The plan of this artiele is as follows: in seetion [2| we review the properties of bieomplex 
numbers, in seetion [3] we formulate the bieomplex version of the ASE, in seetion [Hand seetion 
5 we study the role of different extensions of TT-symmetry defined over the bieomplex algebra 
earrying out the reduetion of the ASE into a system of four eoupled partial differential equations 
whose analytie properties are responsible for the resulting strueture of energy eigenvalues and 
ground-state eigenfunetions, in seetion we apply our approaeh to the typieal problems of har- 
monie oseillator, inverted oseillator and isotonie oseillator ending up finally in seetion|7]to present 
the summary of our findings. 

2 Preliminaries 

We note that the set of eomplex numbers C eonsists of elements obtained by duplieation of the 
elements of the set of real numbers M as indueed by a non-real unit i obeying = — 1 in the form 

C = {z = X + iy : x,y e M}. (2.1) 
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We consider repetition of this duplication process on the members of C in the presence of a new 
imaginary unit i with the properties 

= —1; a = ii] ai = ia^Wa G M 

to extend C onto the set of bicomplex numbers 

T = {oj = Zi + iz 2 -■ Zi, Z 2 E C}. (2.2) 

In (12.21) an additional structure of commutative multiplication is imbedded. 

Representing zi and Z 2 as defined in (12.11) i.e. Zi = Xi + 1 x 2 and Z 2 = x^-\- ix 4 , a bicomplex 
number acquires the form 

uj = xi + 1 x 2 + ix^ + iixi. (2.3) 

Clerly a; is a combination of four units: the unity 1, two imaginary units i and i and one non-real 
hyperbolic entity ii{= ii) for which (UY = 1. In particular if 0:2 = X 3 = 0 the bicomplex number 
goes over to the hyperbolic number. Looking into the algebraic structure of T it thus becomes a 
commutative ring with unit. 

For two arbitrary bicomplex numbers oj = Zi + iz2 and uj' = z[ + iz2, where zi,Z2,z[,Z2 E C, 
the scalar addition and scalar multiplication obey the rules 

u) -E uj' = (zi -f z'Y) + f(-22 3“ 2 ^ 2 ) (2.4) 

Uj.uj' = {ziz[ - Z2^Y) + + -2^14)• (2-5) 

2.1 Conjugates and moduli 

Because of the operating of three distinct imaginary units it is evident that a bicomplex number 
should admit the respective conjugates. Indeed, for any u = z\^iz2 E T, the possible conjugates 
are defined as follows 


= Zi + iZ2 
= zi — iz2 
= Zi — iZ2 
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( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 





where Zk is standard complex conjugation of the complex number Zk implying = (a;ti)t 2 = 
Each type of conjugation satisfies the standard properties of conjugation: 

(cUi + U2)^^ = iJi + UjI'" 

(2.9) 


for any ui,U 2 eT and A: = 1, 2, 3. 

For the three conjugates, a bicomplex number can have the corresponding three moduli 


U) 

\2 

ll 

= U.U^^ 

2 1 2 

= 2^1 + 2^2 

( 2 . 10 ) 

OJ 

|2 

I2 


= ( /^i ^ - 2:2 n + 2f Re Z 1 Z 2 

( 2 . 11 ) 

u 

|2 

I3 


= ( 2:1 p + 2:2 n - 2ii Im 2:1^2 

( 2 . 12 ) 


Further the usual Euclidean norm || . ||; T —)■ M of a; reads 

II W 11= a/I 2^1 P + I -22 


The inverse of u is given by 


If u is singular then 


holds. 


u 


-1 


u' 


u 


2 ■ 

1 


zl + zl = 0 


2.2 Idempotent representation 

For later use we introduce two bicomplex numbers 

1 + M 1 — ii 

satisfying the usual properties 


ei + 62 = 1, 61.62 = 62.61 =0, 61 = 61, 62 = 62. 


(2.13) 


(2.14) 


(2.15) 


(2.16) 


(2.17) 
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Evidently ei, and 62 are idempotent. They offer us a unique deeomposition of T in that for any 

u) = Z\ -\- iz2 G T 

Zi + iZ2 = {zi — iZ2)Gl + {zi + iZ2)G2 (2-18) 

is the projeetion. For a diseussion of the unique deeomposition of u in its idempotent representa¬ 
tion, see Appendix B . 

3 Analogous Schrodinger Equation 

To eonstruet a stationary ASE eorresponding to the bieomplex Hamiltonian we need to analyti- 
eally eontinue (11.21) on the bieomplex ring T in the manner 

Zi = Xi + ipi, Pzi=P 3 + iX 3 , 

Z2=Xi + ipi, Pz2=P2 + iX2 (3.1) 

where {xi,p^), {x4,p2), {x3,pi), (x 2 ,P 4 ) stand for phase spaee variables. 

To deal with the generalization addressing bieomplex numbers, let us eonsider speeifieally the 
deeompositions of x and p in the form 

X = zi + ipz2 = xi + ipi + ip2 + iix2 (3.2) 

P = P 21 + 'i'^2 = P3 + ix3 + iXi + iip4, (3.3) 

where {xi,X 2 , X 3 , 0 : 4 ) are the eomponents in the eoordinate spaee and {pi,P 2 ,P 3 ,Pi) are the eom- 
ponents in the momentum spaee. These satisfy the generalized eommutation relation 

[x,-pi] = ih^I (3.4) 

^ being a bieomplex number defined in terms of ei and 62 namely 

^ = Gci +'^ 262 , (3.5) 

where (^1 and ^2 are restrieted to be positive quantities [l34ll . Note that for the partieular ease when 
^1 and ^2 are eaeh equal to unity, the usual quantum eondition is reeovered. 
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From (13.41) using the following representation of the momentum operator 

d 


p = —ih^ 


dx 


we obtain 

A - 1 

dx 4 

p can be cast in the explicit form 

h 


d . d - 9 .-9 

--h n- 


dxi dpi dp2 


dxo 


8 1 
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(3.6) 


^ h ( f) f) 

to -6)7^ -(6 + 6 ) 7 ^ 


dpi 


dp2 


(3.7) 


On comparing with (13.31) we find 

P3 = f {-«i + 6)^ + Ki-&)^). 

3:4 = |{(&-&)^ + te+&)^ 

^ f ^ . d d 

P 4 --g|( 6 -&)g^-«l+ 6 )^ 

In the presence of an acting potential 17 (x), the Hamiltonian if(x, p) reads (in units of h = 
m = 1) 


where 


i/(x,p) = H{xi,Pi,P2,X2,Pli,X2,,Xi,Pi) 
~ 1 (]‘^ ~ 




r = 


+ +11- 


(3.8) 


(3.9) 


2 2 

For the energy term E and wavefunction ^/^(x) = if;{xi,pi,p 2 , X 2 ), the ASE then turns out to 
be as given by 


H'ijj{x) = E'ip{x) 

IdV(x) 1 ... X X 1 X 

-H-^(x)'0(x) = —Eibix) 

2 dx2 16 ^ ^ lf> ’ 


(3.10) 
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where 


nx) = ^eV(x), E=^eE. (3.11) 

4 Extended Time Reversal operators 

The three types of eonjugates of bieomplex numbers introdueed earlier admit the eorresponding 
time reversal operators as will be explained in the following diseussions. 

4.1 Tj-symmetry 

First of all, we observe from the eonjugation relation (12.61) that a elass of time reversal operator 
Tj ean be defined as identified by 

Tj : i I—)■ —i, i i. (4.1) 

With the parity operator CP obeying 

CP : Xi I—)■ —Xi 
Pi ^ -Pi 
P2 -P2 

X2 -X2 (4.2) 

it easily follows from the CPT-symmetrie eharaeter of p i.e. CPT : p i—)■ p that the following features 
of 7i hold: 


Tj : xi I—)■ Xi 

Pi -pi 
P2 P2 

X2 !-)■ -X2 (4.3) 

The restrietion on ^ is to be noted: = ^ 2 - h is also to be remembered that the symmetry 

operator CPT transforms in the eoordinate spaee as x i— )■ —x. 
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4.2 Tj-symmetry 

While he transformation of CP operator is similar to (14.21) . following the eonjugation relation (12.71) 
we ean define a seeond type of time reversal operator that transforms according to 

“J. : z !-)■ z, z !-)■ — z (4.4) 

As such T| transforms according to 

Tj : xi !-)■ Xi 

Pi H- Pi 
P2 H- -p2 

X2 -X2 (4.5) 

with = —^ 2 - However, because of the positivity restrictions on (^i and ^2 it is clear that the 
induced CPT^ cannot be a valid mode of CPT symmetry. 

4.3 T. -symmetry 

Finally, following the conjugation relation (12.81) we can define a third type time reversal operator 
T-• that undergoes transformations as 

: z I—)■ —z, z I—)■ —z. (4.6) 

and may be looked upon [l26l as the combined operations of % and 7-- where “Jj again has the 
physical interpretation of time reversal and its action in the coordinate space amounts to the 
replacement z 1 —)■ — z. Along with (14.61) the transformation properties of CP-operator as given by 
(14.21) hold. Analogously we can define 7~- as the complex conjugation z i-)- — z which, however, 
has no immediate physical interpretation. 

Following the CPT-symmetric character of p we also observe that 

7f- : xi^ Xi 

Pi -pi 
P2 -P2 

X2 !-)• X2 (4.7) 
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for all and ,^ 2 - 

To sum up, we are left with, in a unique way, the pair TTj and as valid eandidates of TT 
symmetry in an extended bieomplex phase space. In future discussions we therefore address the 
transformation properties of the underlying systems due to TT* and symmetries. Note that in 
such a case it is implied that = ^ 2 - Before we conclude this section it would be worthwhile to 
look explicitly into the role and interplay of the two above TT-symmetries to classify the different 
types of eigenvalues associated with them. 

For a TTj-symmetric Hamiltonian H 

[TTi, H] = 0, = Hi) = Eij (4.8) 

Here unbrokeness of TTj is due to every eigenfunction ip of TTj symmetric H being also an 
eigenfunction of the TTj operator. One clearly sees that in such case using the conjugation prop¬ 
erty defined in ( 2 . 6 ) 

Etl) = Hi) = H77iij = 77iHp) = 77iEpj 
^ [El + iE2 + iE^ + UEpp) = 77i[Ei — iE2 + iE^ — UE/ptlj 
E2 = E4 = 0. 

On the other hand, for a TT^^-symmetric Hamiltonian H 

[77^.,H] = 0, = Hij = Eij (4.9) 

Here 77 is unbroken in the sense that if every eigenfunction ip of 77-^ symmetric H is also an 
eigenfunction of the 77--- operator. One clearly sees that in such case 

EiIj = HPj = H77^ij = 77^iHij = (4.10) 

whence using the conjugation property defined in ( 2 . 8 ) 

[El + iE2 + iEs + iiEP\il) = 777[Ei - iE2 - iE^ + iiEP\il) 

implying i ?2 = ^3 = 0. This means 77i and 77 have to act in conjunction to allow for the 
eigenvalues be real. 
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5 General results 


The general four-eomponent form ean be expanded to be 


= 

10 + zl0 + il0 + izl0 

(5.1) 

E = 

El + zi?2 + iE^ + izi?4 

(5.2) 

0 = 

01 + #2 + + *#4 

(5.3) 


where ijjj, Vj]j = 1, 2, 3,4 are funetions of Xi,pi,p 2 , X 2 . 

Substituting (I5.1I) - (I5.3I) into (13.101) a straightforward algebra leads to the following set of 
relations 

2 dpi dpi dxl) ^ \dxidpi 9x2(9p2/ ^ 

f d^ d^ \ ( d^ d^ \ 

~ { - o o ) ^3 - ( -h ) ^4 + Viiji - 1 / 2^2 - V3i>3 + Vilpi 

\UX\(jp2 OX2Up\ J \UX\(JX2 up\Op2 J 

= Ei'ipi - E2i>2 - Es'ljjs + £;4?/^4, (5.4) 

(5.5) 

V9xi9pi 9x29p2/ ^ 2 \9 x4 dpi dpi ^ dxl) ^ 

( r\2 o2 \ / o2 \ 

O--^ ^- ) '03 ~ ( ^^-^- ) 04 + ^102 + ^201 — V304 — 1003 

(JX\UX2 uP\Up2 J \UX\(jp2 (JX2^P\ J 

= Ei'lp2 + ^201 - ^304 - -^403, (5.6) 

(5.7) 


92 


92 


dxidp2 

92 


9x29pi 

92 


01 + 


92 


+ 


92 


9 xi 9 x 2 dpidp 2 


02 - 


2 \^9x^ 


9xi9pi dx2dp2J 
= £’i03 - T;204 + ^301 - ^402 


) 04 + 1003 ~ 1004 + 1001 ~ 1002 


9" \ 

9 pl dpi 9 x 2 / ^ 


(5.8) 

(5.9) 


/ 92 ^ / I 

09xi9x 2 9pi9p2/ ^ ' 

1/92 92 92 92 

2 09x^ dpi dpi 9x| 
= £/i04 + 7^203 + 7?302 + 


9" - ^ ^ 0 9" 

dxidp2 dx2dpi) ^~^\dxidpi 

) 04 + 1004 + 1003 + 1002 + 1001 


9" 

9X29p2 


03 


(5.10) 
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Using the Cauchy-Riemann conditions [|33l: 


d'ljji d'ilj2 d'lp^ 5-^4 

dxi dpi dp 2 dx 2 ’ 

d'il)2 dipi dipi dips 

dxi dpi dp2 dx2 ’ 

dips dipi dipi dip2 

dxi dpi dp2 dx2 ’ 

dip4, dips dip2 dipi 

dxi dpi dp2 dx2 ’ 

in (I5.4I) - (I5.10I) we thus obtain a set of coupled equations 

(S’ + — V21P2 — Vsips + b 4'04 = Eilpi — E21P2 — Esips + E41P4, 

(S + Vi)ip2 + V21P1 - Vs1p4 - Vilps = Eiip2 + E21P1 - EsipA - EaiPs, 

(S + Vl)'p3 — ^'04 + ~ ^"02 = Eilps — E21P4 + Esipl — E4IP2, 

(S + Vi)lp4 + V203 + V3'^2 + Vilpi = EilpA + E 2 lps + f?302 + E^lpi, (5.11) 

where 

^ _ 7 d^ 3 d^ 1 d^ 5 d^ 

It is convenient to represent (15.111) in the matrix form 

M (5.13) 

where 


( d+Vs 

-V2 

-Vs 

V ^4 \ 


( El —E2 

—Es 

Ea 

\ 


/ 01 ^ 

V2 

d + V 

-Va 

-U3 


E2 El 

-Ea 

—Es 


, v[/ = 

02 

Vs 

-Va 

d + V 

-U2 

) e— 

Es —Ea 

El 

—E2 


03 

\ Va 

Vs 

V2 

s+vs y 


P Ea Es 

E2 

El 

) 


V 04 / 


(5.14) 

We now write down DJI and e with respect to the idempotent basis matrices £ 1,62 in their 


unique representation namely, 


m = eimi + 62 ^X 2 (5.15) 

e = £161 + £262 (5.16) 
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where Tli, TI 2 and ei, €2 stand for 


mi = 


m. = 


f d + Vi + v^ 
V2-Vs 
0 

V 0 

f d + Vi-v^ 
V2 + Vs 
0 
0 


-(f"2 - 0 

5^ + Vi + V4 0 

0 + hi + V 4 

0 ^2 - 1^3 


0 

0 




ei = 


^2 = 


V 

/ El + -E'4 
E 2 — E 3 
0 

V 0 

/ El — Ell 

E 2 + E 3 
0 

V 0 


-(h^2 + h^s) 
5^+h^l-V"4 
0 
0 


0 

0 

d + Vi-Vi 

V2 + Vs 


-{E2 — E3) 

El + El 
0 
0 

-{E 2 + E^) 

El — El 
0 
0 


0 

0 

El + El 

E 2 — E^ 

0 

0 

El — El 

E 2 + E^ 


0 

0 


-(V^2 - h^s) 

^+^1 + ^4 / 

0 \ 
0 

-(h"2 + V^s) 

^?+h"l-V^4 / 

\ 


-{E 2 — E^) 

El + El j 

0 \ 

0 

-{E 2 + E^) 

El — El J 


(5.17) 


(5.18) 


Expressing 'h = £i(£i'h) + 62 ( 62 '^) and substituting (15.151) and (15.161) in (15.131) . we obtain 
from basiswise eomparison 


= eiSi^, (5.19) 

m2e2^ = 6262 ^. (5.20) 

To proeeed further, we employ (15.171) and (15.181) to projeet equation (15.191) and (15.201) in their 
explieit forms 

()? + El + E4 )(^i + i^i) - (E - E3)(V’2 - ^ 3 ) = (^1 + Ei){i,i + iji) - {E 2 - E3)(^2 - ^ 3 ), 

(5.21) 

()? + E + E)(^2 - ^3) + (E - E 3 )(E + ^ 4 ) = {El + Ei){ij 2 - ^3) + {E 2 - Es){^IJi + iJi), 

(5.22) 

()? + E - E)(E - ^4) - (E + E)(V ’2 + ^3) = {El - E 4 )(E - ^4) - {E2 + E 3)(^2 + ^3), 

(5.23) 

(i? + El — E )('?/’2 + + (E + E)(E ~ '^4) = {El — Ei){iIj 2 + '1/J3) + {E2 + Es){'ipi — V’4). 

(5.24) 
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From equations (15.211) and (15.221) we then obtain 


El + 

£’2 — E 2 , 


(-01 + ^ 4 ) (S' + Vi + V4)(^l + ^/’4) + (^2 - '03)(S + Vi + 1 / 4 ) (^2 - -03) 

(^1 + ^ 4 )^ + (^2 - ^^ 3 )^ ’ ^ 

(^1 + ^4)(S + Vl + 14 ) (^2 - ^ 3 ) - (^2 - -03) (S + Vl + 14 ) (^1 + ^ 4 ) ,y _ _ s 

{^|Jl + tlJiY + (?/>2 - "03)^ ^ ^ ’ 


(5.26) 


On the other hand, equations (15.231) and (15.241) give us 


El — £4 
£2 + £3 


{i^l — '(/’4)(S + Vi — V 4)('^1 — '^ 4 ) + + V’3)(S + Vi — V4)('02 + '*/'3) ,, ryj 

{^/Jl - ^^ 4)2 + {lfj2 + 

ii’l — '04) (S + Vl — V4:){^2 + Ips) — ('02 + '03)(S + K — 1 / 4 ) (-01 — -04) -I- t/ ) 

(l*, - 1*4)2 + ^ 2 + S) 


(5.28) 


Solving now equations (I5.25I) - (I5.28I) we derive the expressions for £*, i = 1, 2, 3,4 as follows 


p _ lr(V'l +^4)S(^l +-04) + (^2 -'03)S(^2 --03) 

' ' 2^ + ^,)2 + (^^ _ ^3)2 

(^1 - ^4)S(^1 - ^ 4 ) + (^2 + V’3)S(V’2 + ^ 3) 4 

{i>l - l/j^y + (^2 + 

p _ p 1 r(^l + '04)S(^2 - -03) - (0’2 - '03)S(0’1 + 04) 

' ' 2^ + ^^)2 + (^^ _ ^3)2 

(01 - 04)S(02 + 03) - (02 + 03)S(01 " 04) n 
(01 - 04)^ + (02 + 03)^ 

p ^ p lr (01-04)S(02 + 03)-(02 + 03)S(01-04) 

' ' 2^ (^^_^,)2 + (^2 + ^3)2 

(01 + 04)S(02 - 03) - (02 - 03)S(01 + 04) n 
(01 + 04)^ + (02 - 03)^ 

p _ p 1001 +04)S(01 +04) + (02 - 03)S(02 -03) 

' ' 2^ + ^,)2 + _ ^3)2 

(01 - 04)S(01 - 04) + (02 + 03)S(02 + 03) i 
(01 - 04)2 + (02 + 03)^ 

Making an ansatz for ground state wave funetion ^jJ{x): 


(5.29) 


(5.30) 


(5.31) 


(5.32) 


l/,(x) = = e»l Wei+<? 2 (x)e 2 . ^ ^ ( 533 ) 
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(15.31) gives for each component 


A = 

1 

2 ' 

cosgii + cosg2i), 

"02 = 

1 

2 ' 

sin gii + e®^’' sin g 2 i), 

V'S = 

1 

5' 

sin gii + sin g 2 i) 

'ijji = 

1 

2 ' 

cos gii - cos g 2 i) ■ 


The above terms when substituted in (I5.29I) - (I5.32I) gives 



V ^ r 7(1 ^‘^ 92 i dg2r dg2i \ fl d‘^g2i dg2r dg2i \ 

^2 \ 2 dxl dxi dxi j \ 2 dpf dpi dpi j 

f 1 d‘^g2i dg2r dg2i \ f 1 dg2r dg2i \. 

\2 dpi dp2 dp2 J \2 dxi ^^2 dx2 J 

1 r ^ f 1 d^gii dgir dgii \ [1 d^gu dgir dgu \ 

2 \2 dxi J 12 dpi dpi dpi J 

f 1 d^gii _ f 1 d'^gii dgir dgu \ 

\2 dpi dp2 dp2 j \2 dxi ^^2 dx2 J 


V 1 r 7 / ^ ^‘^ 92 i dg2r dg2i \ fl d‘^g2i dg2r dg2i \ 

^2 \ 2 dxi i 12 dpi dpi dpi J 

f 1 d‘^92i d^d^) _ / 1 d'^g2i dg2r dg2i \. 

\2 dpi dp2 dp2 J \2 dxi ^^2 dx2 J 

1 r „ [ 1 d^gii d^^) o [ 1 d^gii dgir dgu \ 

2 \ 2 dxi dxi dxi j \ 2 dpi dpi dpi j 

f 1 d^gu d^^) [1 d'^gii dgir dgu \ 

\2 dpi dp2 dp2 j \2 dxi dx2 dx2 j 
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(5.34) 



(5.35) 


(5.36) 


(5.37) 































































Ea = Va 


4 
d^9i 


-7 


d‘^9ir , ,dgir 2 ,dgii 2 


dx\ 
■d9lr.2 


+ (^)-(^) 


- -,\-7 


_l_ (.^ELy — ( 
dpi ^ dp2 

d‘^92r ^d92r^2 


dxi 
d9ii.2 


dp2 


dxi 
5 


+ 3 
d‘^9lr 


d^9lr ^dgir^2 


,dg 


li\2 


dpi 

,d9i 


dxi 




dpi 

d9ii-,2 


dpi 


dxo 


,d9' 


)^-(^)n+3 


dxi ^ 


dxi 


d^g2r , ,dg2r.2 


+ (^r-( 


d9- 


2i\2 


dpi ^ dp 


d‘^92r , ,dg2r.2 ,dg2i.2 


+ (^r-( 


dpi dp' 


dp2 


d‘^92r , 


dxi 


+ (Sr>’-( 


dpi 
d92i .2 
dxo 


(5.38) 


The above expressions of Ei,E 2 ,E 3 , E^ are the eentral results of our paper. We now turn to their 
applications. 


6 Applications 

6.1 Harmonic oscillator 

We first consider the simplest example of the harmonic oscillator whose potential is given by 

V{x) = (x) where 

14(x) = ax^, a > 0 . ( 6 . 1 ) 

Then from (15.11) . the l^’s {i = 1, 2, 3,4) emerge as 

Vi = a {xl -pI-pI + xj) , V 2 = 2 a {xipi - X 2 P 2 ), 

1/3 = 2a {xip 2 - X 2 P 1 ), ¥4 = 2a ( 2 : 1 X 2 + P 1 P 2 ) • 

In order to determine the energy and ground state wave functions, we express the real and 
imaginary parts of the gi’s {i = 1, 2) appearing in (15.331) as combinations of new quantities Gi’s 
(z = l,2,3,4) 


9ir — Gi + G 4 , g 2 r — Gi — (j 4 , gu — G 2 — G 3 , g 2 i — G 2 + G 3 (6.2) 

where the Gi’s are functions of (xi,pi,p 2 , 3 ^ 2 )- 
Assuming Gi to be of the form 

Gi = a(xl - Pi - P 2 + ^ 2 ) + - X2P2) + 'y{xiP2 - X2P1) + S{xiX2 + P1P2) (6.3) 
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where a, /?, 7 , 5 are real eonstants, and utilizing the Cauehy-Riemann eonditions 

dGi _ ^ ^ ^ ^ ^ _ dG2 

dxi dpi ’ dxi ’ ’ dx2 dp2 

the function G2 gets restricted to an expression of the type 

G2 = -^(^1 -P1-P2 + ^2) + 2a(xipi - X2P2) - 6{xiP2 - X 2 P 1 ) + 'yixiX2 + pm)- (6.4) 

Similarly the Cauehy-Riemann relations 

dGi _ ^ ^ ^ ^ ^ _ dGs 

dxi dp2 ’ dpi dx2 ’ 5^2 ’ 8x2 dpi 

requires G 3 to be in the form 

'y 

G 3 = -^(^1 -P1-P2 + ^l) - S{xiPi - X2P2) + 2a(xip2 - a: 2 Pi) + /3(xiX2 +PiP2)- (6-5) 

Lastly from Cauehy-Riemann relations 

dGi _ dGi dGi __dG^ dG^ __dG^ dGi _ dG^ 
dxi 8x2 ’ 8pi 8p2 ’ 8p2 8pi ’ 8x2 8x1 

G 4 turns out to be 

Ga = p\- P 2 + ^ 2 ) - li^ipi - X 2 P 2 ) - I3{xiP2 - X 2 P 1 ) -f 2a(xiX2 -f pm)- (6-6) 

Referring to (16.21) . we solve for Pi's to obtain 

gir = ( 0 :+ -){xj-pf- pI +xj) + {13 -'j){xiPi-X2P2) - {f 3 -'j){xm-X2P1) 

+ { 2 a + 6){xiX2+pm), (6.7) 

92r = {a--){xl-pl-pl + xl) + {(3 + 'j){xm-X2P2) + {i3 + 'y){xm-X2Pi) 

-{2a - 6){xiX 2 +pm), (6.8) 

Qii = -{ ^ ){xl-pl-pl + A) + (2« + ^)(xiPi - X 2 P 2 ) - {2-Oi + 5){xm - X 2 P 1 ) 
-{(3-'-f){xiX 2 +pm), (6.9) 

g2i = -{^-^^){xl- pI-pI +xl) + { 2 a- 5 ){xm-X2P2) + { 2 -a - 5 ){xm-X2P1) 

+ {1^ + -i){xiX2+pm)- (6.10) 
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The above solutions enable us to get for the energy values 


El = — Ibct, E 2 = 8 / 3 , i?3 = 87, Ei = —86, 


( 6 . 11 ) 


which are subject to the constraints 

4a^ — / 3 ^ — 7^ + (3^ = -, 2a6 + /3j = 0, 2 q ;/3 — 75 = 0, 20:7 — /36 = 0.(6.12) 

8 

The values of the parameters can be distinguished by two types of results 
Type I; a = /3 = 0, 7 = 0, <3 = 0, 


Type II; a = 0, (3 = 0, 7 = 0, <3 = ± 


1 [a 


2 V 2 


signalling the existence of two types of energy values and wave functions. These are summarized 
below: 


(a) Type I: 


El — T4W —, E2 — E^ — E4^ — 0. 


(6.13) 


= 


-02 = 


^3 = 


^4 = 


+e^5\/f(^i*2+PiP2) (.Qg + X 1 P 2 -P 1 X 2 -P2a:2)|], (6.1 

!^±^^{xipi - + P1X2 - P 2 X 2 )^ 

|±^y|(a;ipi + XiP2 - P 1 X 2 -p2a^2)|], (6.1 

sin |±iy|(xipi - Xip 2 + P 1 X 2 - P 2 X 2 ) 

+e=i=2\/f(^i*2+PiP2) gjj^ + a:ip2 - P 1 X 2 -P22^2)|], (6.1 

cos |±iy|(a;ipi - xiP 2 + P 1 X 2 - P 2 a: 2 )| 
_e=F2vl'(^i^2+PiP2) (,Qg _j_ ^^p^ -P1X2 - P2a:2)|]. ( 6.1 


(6.14) 


(6.15) 


(6.16) 


(6.17) 
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and (b) Type II: 


El — E 2 — — 0 , -E 4 — =f 4 


(6.18) 


-01 = -e 2 V 2 

^ 2 


cos <j ±^W^(xiPi - X1P2+P1X2 -P2X2) 


e=^3-\/t(*i“Pi“P2+*2) 

cos |=F^y|'(xipi + a;ip2 - P 1 X 2 - P2X2)^], 


(6.19) 


^2 = 


2 

+e 


g±iyf(xiX 2 +PiP 2 )[g±iv 1 ^(.=?-pf-pi+xi)gi^ + P1X2-P2X2) 

Ti\/f("^?-P?-P2+*i)sin + X 1 P 2 -Pia:2 -P2X2)|], 

03 = sin |±iy|(xipi - xm + P 1 X 2 - P 2 X 2 ) 

+e^ix/f(-?-p?-pi+-i) sin + a; 4 p 2 - P1X2 - P2X2)}], 

04 = ^e^^v1'(-i-=+PiP=)[e±3Vl'(-?-P?-Pi+-2)cos|±^y|(a:iPi -XiP2+Pi2:2 -P 2 X 2 ) 
_e^lx/f(-?-p?-pi+-i) cos |^iy|(x 4 pi + X1P2 - P1X2 - P2X2) }]. 


( 6 . 20 ) 


( 6 . 21 ) 


( 6 . 22 ) 


Several remarks are in order: 


Substituting (16.131) into the last relation of (13.111) we eneounter a real energy speetrum for 
Type I wave funetion 

E = (6.23) 

However, from (16.181) we are led to a hyperbolie type of energy values for the Type II wave 
funetions 

^ ^ Fn. „ 

(6.24) 




Other aspeets of our results are as follows: 
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Let us focus on Type I solutions for which there is a real energy spectrum. 

• It is easy to see that, under TT*, V(x) obeys 

TT, (l/(x)) = TT, = ^aeV = y(x), [ff, TT,] = 0. 

Following (I6.14I) - (I6.17I) since ‘J'‘Ji'ip(x) = ^(x), it is evident that CPTj-symmetry of H is 
unbroken. 

• Further from invariance of V(x) and 'tjj{x) under i.e. 

J’O'.j (l/(x)) = V(x),rj,i : 0(x) ^(x) [H, TT.;] = 0 

it follows that TT^j-symmetry of H is unbroken too. 

A different scenario emerges for Type II solutions: 

• While 

TT, (l7(x)) = TT, = I/(x), [H, TT,] = 0 

'ip{x) does not show the same feature: 

T‘Ji'0(x) ^ A?/)(x) 

for any scalar A. Hence we conclude that TTi-symmetry of H is broken. 

• Turning to the CPT-• operator the situation is slightly different. We have 

(L*)) = L*). [H,'yyd = f> 

■ ^(x) ^ ^(x) 

it follows that TT^j-symmetry of H is unbroken. 
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6.2 Inverted (Parabolic) oscillator 

For the problem of inverted (parabolic) oscillator acting upon the potential V = where 

V{x) = -bx^, b>0 (6.25) 


the results for both the classes of solutions reveal the existence of only imaginary energy eigen¬ 
values: 


(a) Type I; 


(6.26) 


= 


l[e±2\/f( ^1P1+^1P2 P1^2+P2X2)(.Qg|^iy^('2,2 _^2 _^2 ^ 

COS I -pI-pI + xl) ± + PiP2)|], 


(6.27) 


^2 = 


i[e=^2vT( ^ipi+^iP2 pia^2-rp2a;2) gjj^ _ ^2 _ ^2 ^2^ ^ 

+ e±i\/f(*iPi+*iP2-piX2-p2a;2)gjj^|^iy|('3,2 _^2 _^2 ^^2^ ^ ^ 


(6.28) 


^3 = 


gi^ |±iy|(x? - P? - + X') ± ^y|(xiX2 + P 1 P 2 ) 

±|^/f(^lPl+^lP2-plX2-p2a;2)gjJ^|^^y|('3,2 _^2 _^2 ^^2^ ^ iy|(a;^a;2 +p^P2)|], 


2 

+e 


(6.29) 


^4 = 


i[e=^2VT( a;ipi+a:ip2 Pl*2-rp23::2) ^.^g | _ ^2 _ ^2 ^2^ ^ 1 

-e=^ivl’(*iPi+^iP2-Pi^2-P2^2) cos I =F^y|(xi - Pi - P2 + xj) ± ^y|(xiX2 +PiP2)|] 


(6.30) 
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(6.31) 


(b) Type II ; 


1. b 


E = ±4t\l- ^ = 


= 


i[e±2\/l’(^ipi *ip2+pix2 cos i^T^^{xl-pl-pl + xl)T^^{xiX2+pm) 

j^f,±hy/li^lPl+^lP2-PlX2-P2X2) (.Qg I _p 2 _p 2 ^j^ ^2^ ^ ^^(^XiX2 + PlP2)|], 


(6.32) 


^2 = 


[e=^2VT(*iPi 2 ;iP2+Pix 2 P2a;2)gj,^|^^y^('^2 _^2 _^2 _^^2^ ^ 

g±i^(xipi+Xip2-piX2-p2a;2)gjn|^iy|('3,2 _^2 _^2 ^ 1 + P1P2) |] , 


(6.33) 


^3 = 


1 [_e±l^(-m-lP2+PlX2-P2X2) gin |T^y|(x 2 - p? - + ^2) ^ iy|(xiX2 + P1P2) 

^g±i^(xipi+.ip2-piX2-p2..2)ginLiy|(^2 _^2 _^2 ^^2) ^ iy|(^^a:2 +PiP2)|], 


(6.34) 


^4 = 


1 [g±i^(.,P,-.,P2+PiX2-P2.2) ,og -p\-pI + xl) T ^y|(^i^2 + P1P2) 

_(,±\^/l{xip^+xiP2-pix2-P2X2) (.Qg I -p\-pl + xl) ± ^y|(xia;2 + PiP2)|]- 


(6.35) 


Corresponding to the above results we find for = ^2 the broken character of 77 to hold 


• For the TTj operator 

77,V{x) = V{x), [H,77,] = 0 

where 77i^jJ{x) 7^ A'!/)(x) for any scalar A and so (PTj-symmetry of H is broken. 
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For the CPT-• operator 


= V>(x), |//,J’Tiil = 0 


where yTjj'^(x) 7^ A' 0 (x) for any sealar A and so CPT^^-symmetry of H is broken. 


6.3 Isotonic oscillator 


We now address the problem of isotonie oseillator whieh is governed by the potential V = 
where 

l/(x) = ax^ +a( 7 ^ 0), 6 ( 7 ^ 0). (6.36) 

From ( 15 . 11 ) we then obtain 


/ 2 2 2 I 2\ I 

a [x^- p^- P2 + x^) + 
2 a {xipi - X2P2) - b 


V^2 ^ 

1/3 = 2a {xip2 - X2P1) + b 

h 

V4 = 2 a {xiX2 + P1P2) + 


(xi + X 2 Y - (pi -P2)" 


+ 


(xi - X2)^ - (pi +P2)^ ’’ 


2 [{(Xi + X 2)2 + {pi - P 2 yV {(3^1 - ^2^ + {Pl + P 2 )^}^ 
(xi + X 2 )(pi-P 2 ) , (a;i - X 2 )(pi+P 2 ) 


+ 


_{(xi + X2)2 + (pi - P2)^}^ {(a^l - X2y + {pi + P2)^}^ 

(xi + X 2 )(pi -P 2 ) _ (xi - X 2 )(pi +P 2 ) 

_{(xi + Xa)^ + (Pl - P 2 yv {(3^1 - ^2^ + (Pl + P2)^}^ 
(xi + Xa)^ - (pi - P2f (xi - Xa)^ - (pi + P2Y 


2 [{(xi + Xa)^ + (pi - Pa)^}^ {(^i - Xa)^ + (pi + Pa)^}^ 


By inspeetion of the terms Ai, V4 that we eonsider the following ansatz for Gi 


Gi = ai(xi - Pl - Pa + xl) + a 2 (xipi - xapa) + a3(xip2 - xapi) + a4(xiX2 + P 1 P 2 ) 

+ j3itsin~^{ ^^ 4-/92 tan~^( ^^ +/Sg log{(xi -f X 2 )^ -f (pi -P 2 )^} 

Pl - P2 Pl + P2 

-f Pi log{(xi - X 2 )^ + (pi + Pa)^} (6.37) 

for real eonstants Pi : i = 1,2, 3,4. 
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Then proceeding in the same way as followed in the case of the harmonic oscillator we find 


G2 = -^(^1 -P1-P2 + ^2) + 2 ai(xipi - X2P2) - a 4 {xiP 2 - X2P1) + 03(3:1X2 + pm) 

- 2/33tan~^( ^^ - 2/j4tan~^( ^^ + ^log{(xi + X2)^ + (pi -^ 2 )^} 

Pi -P2 P1+P2 2 

+ ylogKxi - X2)^ + (pi+P2)^}, (6.38) 

Gs = - Y(a^i -P1-P2 + ^2) - 04(2^1^1 - X2P2) + 2 ai{xip 2 - X2P1) + a2{xiX2 + P1P2) 

+ 2/j3tan~^( ^^ - 2/34tan~^( ^^ - ^log{(xi + Xs)^ + (pi -^ 2 )^} 

Pi - P2 Pi + P2 2 

+ Ylog{(a;i - 2 : 2 )^ + (pi+P2)^}, (6.39) 

G4 = Y(a:i - p? - P2 + xl) - az{xipi - X2P2) - Oi 2 {xiP 2 - X2P1) + 2ai(xiX2 + pm) 

+ /3itan~^( ^^ +^ 2 -^ _ ^2tan”^(^^-^) +/33log{(xi + X2)^ + (pi -P2)^} 

Pi - P2 Pi + P2 

- 134 log{(xi - X 2 )^ + (Pi + P 2 )^}. (6.40) 
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These expressions for Gj’s {i = 1, 2, 3,4) yield 


gir = + pI-pI +xl) + {a2-az){xipi-X2P2-X1P2 +X2P1) 

+ (2 q;i + aA{xiX2 +P1P2) + 2/3i 

Pi -P 2 

+ 2/33log{(xi+0:2)^ + (pi-P2)^}, (6.41) 

9ii = ~(,ci2-a3){xl-pl-pl + xl) + {2ai + a4){xiPi-X2P2-XiP2 + X2Pi) 

/ \ / \ AD X2 X 

- (a2 - as) (3^12^2+P1P2) - 4/33 tan (-) 

Pi -P 2 

+ /3ilog{(xi + X2)^ + (pi-P2)^}, (6.42) 


g2r = {0ii-^){xl-pl-pl + xl) + {a2 + a3){XiPi-X2P2 + XiP2-X2Pl) 

,Xi — X 2 . 

- (2q;i - 0:4)(X1X2+ P1P2) + 2/32 tan (- 


^Vl+P2 


+ 2/34log{(Xi - X2)^ + (pi +P2)^}, 


(6.43) 


g2i = --{oi2 + a3)(xi -pl-pl + xl) + (2ai - a4)(xipi - X 2 P 2 + a;iP2 - a:^2Pi) 

/ \/ \ An —1/^1 — ^2 \ 

+ (02 + a3)(xiX2 + P 1 P 2 ) - 4/34tan (-) 

Pi +P2 

+ /32 log{(xi - X2)^ + {pi + P2)^}. (6.44) 

Substituting ing the above solutions in (I5.35I) - (I5.38I) we get 


a 2 — as — 0 

Aal + 0^4 = -, aia4 = 0 
8 

El = —4 [(1 + 8/33)(2a:i + cx^) + (1 + 8 / 34 ) (2q! 4 — a 4 )] 
E 2 = —16/3i(2ai + q; 4 ) — 16 / 32 ( 2 q;i — 0 : 4 ) 

E 3 = 16/3i(2q;i + 0:4) — 16^2(2ai — q; 4) 

i ?4 = —4 [(1 + 8 / 33 ) (2a:i + 04 ) — (1 + 8 / 34 ) (2tti — a 4 )] 
4/33^ - /3i^ - /33 = 4/32 -pl-p, = h 

/3i(8/33 - 1 ) = /32(8/34 - 1 ) = 0 


(6.45) 

(6.46) 

(6.47) 

(6.48) 

(6.49) 

(6.50) 

(6.51) 

(6.52) 
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A plausible set of viable solutions for the real parameters : i = 1, 2, 3,4 is given by 


— /^2 — 0, E 2 — — 0 


1±V1 + I 


(6.53) 


(6.54) 


1±a/1 + 


(6.55) 


for the following restrictions on the real coupling constants a and b of the isotonic oscillator 


potential: 


a > 0 and b > — 2 . 


(6.56) 


We thus have two types of solutions for the parameters: 


Type I : tti = ±—-=, 0:2 = 0:3 = 0:4 = /3i = /92 = 0, 

4\/2 


Type II : 0:4 = ±— cti = 0:2 = 0:3 = /3i = /S2 = 0. 

2\/2 

Consequently two types of energy values and energy eigenfunctions emerge. These are given 
as follows: 

(a)Type I: The results are 

El = — 16a!i[l + 4(/)3 + 134 )], E 4 = 0 ^ E = —^“^Ei 

16 


^ai{xl—pl-p^+x^)+2ai{xiX2+piP2)+2l33 log{(xi+X2)^+(pi-p2)^} 


. cos{ 2 a!i(xiPi - X2P2 - X1P2 + X2P1) - 4^3 tan 

Pi -P2 

1 

ai{xl-p1-p‘^+xl)-2ai(xiX2+piP2)+'2/34, log{(xi-X2)^ + (pi+P2)^} 

2 

. cos{ 2 a!i(xiPi - X2P2 + X1P2 - X2P1) - 4 ^ 4 tan“^(^^^^ ——)} 

Pi +P2 


(6.57) 
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^2 = 


_ ai(x\-pl-p^-\-x^)-\-2ai(xiX2+piP2)+Wz log{(xi+X2)^ + (pi-p2)^} 

2 

. sin{2Q;i(a;iPi - X2P2 - XiP2 + X2P1) - 4^3 -^)} 


Pi -P2 

2 _L (/r\-, _L-r»*-* I 


-03 = 


-04 = 


j ai{x\-p\-p‘^-\-x‘^)- 2 ai(xiX 2 -\-piP 2 )-\- 204 . ^Og{(xi-X 2 r + [pi+P 2 r} 

2 

. sin{2ai(a;ipi - X 2 P 2 + Xip2 - X 2 P 1 ) - Aj^iiaxT^i— — —)} 

Pi +P2 


_ Oii{x‘l-p\-p‘l+x‘^)+2ai{xiX2+PiP2) + Wz log{(a^l+a;2)^ + (pi-P2)^} 

2 

r/ \ A n X 2 N 

. sm{ 2 Q;i(a;iPi - X 2 P 2 - XiP 2 + X 2 P 1 ) - 4^3 tan (-)| 

Pi -P2 

\\pOii{x\-p\-p^+x\)-2ai(xiX2+piP2)+‘2l3i log{(xi-X2)^ + (pi+P2)^} 

2 

. sin{ 2 Q;i(a;ipi - X 2 P 2 + Xip 2 - X 2 P 1 ) - - —)} 

P 1 +P 2 


_ ai{xl-pl-p‘^+xl)+2ai{xix2+pip2)+‘2f33 \og{{xi+X2)‘^+{pi-p2)^} 

2 

. cos{2a!i(xi|)i - X 2 P 2 - X 1 P 2 + X 2 P 1 ) - 4/^3 tan~^( ^^ + ^ 2 ^. 

Pi -P2 

_^gOl(xf-pf-p|+x^)-2Qi(a:iX2+piP2)+2/34 log{(xi-X2)^ + (pi+P2)^} 

2 

. cos{2ai(xi|)i - X 2 P 2 + X 1 P 2 - X 2 P 1 ) - 4^4tan“V^^^^ ——)} 

Pi +P2 


(6.58) 


(6.59) 


(6.60) 


For the extended (PT-symmetry for Type I solutions along with (3^ = 13^ we therefore find the 
typieal unbroken eharaeter of TT : 


T7iV{x) = V{x), [H,77,] = 0 

where 77iijj{x) = ijj{x) and so TTj-symmetry of H is unbroken. 


TT.^x) = ^(x), [H,77^i\ = 0 
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where = ■^(x) so that -symmetry of H is unbroken. 


However even if ^ the unbroken character of does not change. But the scenario is 
different for 77i and CPT- operators as both of them are broken for j3^ ^ (3^. 

(b) Type II: The results are 


A = 


^2 = 


El — 0, i?4 — —8 q;4[1 + 4(/53 -|- j3/i)\ E — 

lo 


— e^^^l“^l“^ 2 +* 2 )+“ 4 ( 3 ::ia; 2 -l-piP 2 )+ 2 / 33 log{(xi-|-a; 2 )^ + (pi-p2)^} 

2 

r/ \ ^ n ^2 \ T 

. cos{Q;4(a:iPi - X2P2 - XiP2 + X2P1) - 4/^3 tan (-)| 

Pi -P 2 

-^{xl-pf-pl+x^)+a 4 {xix 2 +pip 2 )+ 2 l 34 log{(xi-X2)^ + (pi-|-p2)^} 

2 

-1 ~ ^2 M 

. cost -0:4 (xipi - X2P2 + - X2P1) - 4^4 tan (-)| 

Pi +P2 


ip^(*l“Pl“P2+^2)+“4(xiX2-|-pip2)-|-2/33 log{(xi-|-X 2 )^-|-(pi-p 2 )^} 

2 

. sin{a4(a;ipi - X2P2 - XiP2 + X2P1) - 4/33 tan~^( ^^ 

Pi -P2 

I ^ ^(xf-pf-p| +xl)+a4 (xiX 2 -I-P 1 P 2 )-I-2/34 log{(xi -X 2 )^ + (pi-I-P2} 

2 

. sin{-Q;4(a;ipi - X2P2 + Xip2 - X2P1) - A(3/iidxi~^{— - —)} 

Pi +P2 


(6.61) 


(6.62) 


^3 = 


_^g^(x^-p^-p|-|-x^)-|-a4(xiX2+piP2)+2/33 log{(xi-|-X2)^-|-(pi-p2)^} 

2 

r/ \ j n —1/^iT2:2n.. 

. sm|a4(xipi - X 2 P 2 - X 1 P 2 + X 2 P 1 ) - 4/33 tan (-)| 

Pi -P2 

I ^ ^(xf-pf-p| +xl)+a4 (xiX 2 -I-P 1 P 2 )-I-2/34 log{(xi -X 2 )^ + (pi-I-P2} 

2 

. sin{-Q:4(a;iPi - X 2 P 2 + XiP2 - X 2 P 1 ) - 4/34 tan“^(^^^- —)} 

Pi +P2 


(6.63) 
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— lp^(a:?-pf-pl+a;i)+Q4(a;ia;2+PlP2)+2/33 \og{{x-i_+X2f+ {,pi-p2f} 

~ 2 

r/ \ A n ^2 \ T 

. cos{q; 4 (xiPi - X2P2 - X1P2 + X2P1) - 4/^3 tan (-)| 

Pi -P 2 

-■^(xf-pj-p2+a:|)+a4(a;iX2+pip2)+2/34 log{(xi-X2)^ + (pi+P2)^} 

2 

,Xi — X2.^ 

. cos|-a 4 (a;iPi - X2P2 + XiP2 - X2P1) - 4^4 tan (-)| 

Pi +P 2 


(6.64) 

Hence for Type II solutions our conclusions are that whatever the values of /^s and (3^, the 
TT-symmetry works in a different way: 


?7,V{x) = V{x), [H,?7i] = 0 

where TTj^(x) 7 ^ A'!/)(x) for any scalar A and so TTj-symmetry of H is broken. 


J>T«\/(x) = r(x), |//,3’T.jl = 0 

and 77-i'iIj{x) = iIj{x) it follows that TT^^-symmetry of H is unbroken. 

Finally in this problem of isotonic oscillator, extension of the real coupling constant b to its 
bicomplex counterpart, reveals an interesting feature. To fit into our formalism the restrictions 
b 2 = bs = 0 and | 64 |< (2 + bi), 6 i > —2 were required to be imposed upon the coupling 
constants. If 64 7 ^ 0, 0:4 = 0, although the ground state energy E is real and 77iV{x) = lA(x) 
along with [H, TTj] = 0,the TTj-symmetry is broken since T‘Tj'^(x) 7 ^ A'^(x) for any scalar 
A. But the scenario is completely different for the TT-- operator: as 77--^{x) = l/(x) and 
[H, 77--] = 0 as well as CPT--'^(x) = ■^(x), the TT-j-symmetry remains unbroken. 
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7 Summary 


To summarize we took up in this paper a quantitative analysis of bicomplex algebra that leads to 
associated Hamiltonians couched in an analogous version of the Schrodinger equation. Bicom¬ 
plex numbers being basically four dimensional hypercomplex numbers can admit of different 
types of conjugation each defining a separate class of the time reversal operator. As a result we 
could set up different extensions of parity (CP)-time (T)-symmetric models such as the ones cor¬ 
responding to TTj, TT- and TT-- operators in an extended phase space formalism. However, as 
we have explicitly demonstrated, 77^ is not a valid candidate for a fPT-symmetric operator. By 
writing down suitable representations and exploiting the Cauchy-Riemann conditions judiciously 
we showed that we could arrive at the closed-form expressions of the energy and wave function 
components for a given choice of the potential. Our procedure was then applied to the problems 
of harmonic oscillator, inverted oscillator and isotonic oscillator. In all such systems we obtained 
two types of solutions each revealing specific 77 properties. In particular we observed that a 
real energy value exists for all the three cases when the Hamiltonian H obeys unbroken 77 1 and 
TTjj - symmetries. 
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Appendix-A 


Bicomplex valued functions: 

Any bicomplex function / : C T T involving unique idempotent decomposition into two 
complex valued functions reads 

/(‘^) = /l('^l)ci + /2(<^2)e2, tc = (cCiCi + 02262) G ( 7 . 1 ) 


where toi G fli, 022 G f 22 and = fliCi + ^ 262 - 

The derivative of / at a point too G is defined by 


f'M 


lim ^~ /('^o) 

h —^0 hj 


provided that the limit exists and the domain f2 is so chosen that h is non-singular in it. If 
the bicomplex derivative of / exists at each point of its domain then / will be a bicomplex 
holomorphic function in f 2 . 

Below we list some useful results of different bicomplex valued functions defined on the 
domain for to = toiCi + 02262 , zu = witi + ^262 G Vt: 


(f) uf ^ — 02^61 + 02262, 
(u) = e‘^i6i + e‘^2 62 , 


[iii) coso; = cos 02161 + cos 02262 , 

{iv) sin to = sint 0 i 6 i + sin 02262 , 

. . to tOi 022 . . 

(v) — = — 61 -I- 62 ; zu IS non singular, 

tZ7 ZUi ZU2 

(vi) u.uj = 021^161 + 022 ^ 262 , 


(vii) / f{u)du= / /i( 02 i)ei+ / / 2 (o 22 ) 62 , 


'Oi 


'02 


(m«) 
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Appendix-B 


Cauchy-Riemann Matrix representation: 

If o; = xi + ix 2 + ix'i + iixi is an element of T in a four-eomponent form we ean define a funetion 
Isf on T as follows: 


K(a;) = 


/ Xi 

-X2 

-X3 

X4 

\ 

X2 

Xi 

—X4 

-3:3 


X3 

—X4 

Xi 

-X2 


V 3:4 

X3 

X2 

Xi 

/ 


(7.2) 


whieh is a real Cauehy-Riemann matrix. The set of Cauehy-Riemann matriees with the operations 


of usual matrix addition and multiplieation equipped with the norm x\ + x 2 + x\ + x\ is a 
Banaeh algebra and is isomorphie and isometrie to the bieomplex algebra T. Cauehy-Riemann 
matriees eorresponding to the idempotent units ei, e 2 are 




Si = 


0 

0 1 
0 - 
VI 0 


0 n 


-I 0 
I I 0 


^2 = 


/ I 
0 

0 


0 0 -i \ 


1 1 
2 2 
1 1 


0 

0 


0 I / V 

The unique deeomposition of u in its idempotent representation 


I 0 0 


(7.3) 


^ = [(a:i + 3^4) + 'i{x2 - xs)] ei + [(xi - X4) + i{x2 + X3)] 62 


(7.4) 


provides the unique deeomposition of the eorresponding Cauehy-Riemann matrix namely, 


>f(a;) = [(xi -f X 4 ) -t- i{x2 - X 3 )] -f £234 [(xi - X 4 ) -f i(x 2 + X 3 )] 


(7.5) 


Thus we have the forms 


34 [(xi + X 4 ) -f i(x 2 - X 3 )] = 


and 


34 [(xi - X 4 ) -f i{x2 + X 3 )] = 


/ (xi -f X 4 ) -(X 2 - X 3 ) 

(X 2 - X 3 ) (xi -f X 4 ) 


V 


0 

0 


0 

0 


/ (X 1 -X 4 ) -(X 2 + X 3 ) 

{X 2 + X 3 ) (Xi - X 4 ) 


V 


0 

0 


0 

0 


0 0 \ 

0 0 

(xi 4- X 4 ) -(X 2 - X 3 ) 

(X 2 - X 3 ) (Xi -f X 4 ) J 


(7.6) 


0 

0 


0 

0 




(Xi - X 4 ) -(X 2 + X 3 ) 

(x 2 -f X 3 ) (xi - X 4 ) y 


(7.7) 
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